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'"pi | In this paper we prove the blow-up theorem in the critical case for weakly coupled systems of 

semilinear wave equations in high dimensions. The upper bound of the lifespan of the solution 
is precisely clarified. 
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CN ■ 1 Introduction 

vq 

■ Let us consider the following systems of semilinear wave equations; 

o . 

{UU — Ali = \V\ P . _„ r „ \ 

vu — At; = \u\ q 

^ . for p, q > 1 and n > 2 with the data of the form; 

f u(s,0)=e/i(s), ^0)=^) 
[ v(x,0) = ef 2 {x), v t (x,0) = eg 2 (x) 

where e > is a small parameter. We assume that /i,/2,9i,ff2 £ Co°(R n ) for the simplicity. 
In order to describe the results on (jl.ip . we set 

j^,,„ ) = MB (£±£±fi,£±£±fi\_ltzi. (1 .3) 

pq — 1 pq — 1 2 

DelSanto, Georgiev and Mitidieri [2] first showed that the system (jl.ip with (|1.2p for n > 2 has a 
global in time solution for sufficiently small e if F(p, q, n) < 0, while a solution for some positive 
data blows up in finite time if F(p, q, n) > 0. When the blow-up occurs, it is known that the 
maximal time T(e), so-called "lifespan", of the existence of solutions for arbitrarily fixed data can 
be estimated as 
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where c and C are positive constants independent of e. See [T| IS] [TT | fl~2 j [1~3]. 

When F(p, q, n) = 0, the non-existence of global in time solutions, namely T{e) < oo, was 
shown by DelSanto and Mitidieri [3] for n = 3. Moreover, a sharp estimate of the lifespan; 



exp ^ ce -min{p( W -l), g ( M -l)}^ < T ( £ ) < exp ( C£ -min{p{pq-\),qij>q-m^ for p ^ q, 

exp (ce-P^- 1 )) < T(e) < exp (Ce"^" 1 )) for p = q, 



(1.5) 



was obtained for n = 2, 3 by [TJ [T0"1 I13j . In high dimensions, n > 4, only the lower bounds of the 
lifespan are estimated. See [BICEUdS]. The upper bounds of the lifespan have not been obtained, 
because we have similar technical difficulties to the corresponding problem for single equations; 

f u tt - Au= \u\ p in R n x [0, oo) , „ 

| u(x,0) =ef(x), ut(x,0i) = eg(x) 

for n > 4 and p = po(n). To show the blow-up result in this case was an open problem for a long 
period. SeepQigiaElElIIllIISlIElDIlIIBlEIlESl, etc. for the other cases on Here, p (n) is 

a positive root of the quadratic equation 2 + (n + l)p — (n — l)p 2 = 0. Note that F(p,p, n) = is 
equivalent to p = po (n) . 

Finally, Yordanov and Zhang [20] or Zhou [23] independently obtained a blow-up result of 
T{e) < oo for this open case. Later, Takamura and Wakasa |19] have succeeded to get the optimal 
estimate of the lifespan by introducing a new iteration argument based on the method in [20] . Zhou 
Yi and Han Wei [24] have recently reproved the theorem in [19] along with the method in [23] , 

Our aim in this article is to clarify the lifespan of a solution to the system (II. ID for the critical 
case in high space dimensions by employing the argument in [19] ■ 



Theorem 1 Let n > 4 and F(p, q,n) = with 1 < p < q. Assume that 

(/!,<?!) G // 1 (R n ) n L 9 (R n ) x L 2 (R"), (f 2 ,g 2 ) G H^R") x L 2 (R"), 
/i(a?) = /2(a?) = 9\{x) = 92{x) = for \x\ > R > 

and £/jaf /i, f2,9i,g2 ar & non-negative, especially that g\ and g 2 do not vanish identically. Moreover, 
suppose that the problem / TO) with (TO)) has a solution (u,v) G C([0, T(e)); (R n ) n L«(R n ) x 
tf^R") with (u t ,v t ) G (C([0,T(e));L 2 (R n ))) 2 satisfying 

supp(u,v,u t ,v t ) C {(x,t) G R n x [0,r(e)) ; |cc| < t + i?}. (1.8) 

Then, there exists a positive constant eq = £q(/i, f2, 9i, 92, P, Q, n, R) such that T(e) has to satisfy 



, exp(Cs-P(r«-V) if p^ H 
T(£) -^ exptCe-^- 1 )) i/ p-" 



/or < e < £oj where C is a positive constant independent of e. 

Remark 1.1 When n > 4 and F(p,q,n) = u>i£/i 1 < p < g, we Ziaue i/iat p < 2. Because 
Po(4) = 2 and po( n ) ^ monotonously decreasing in n. Moreover, we can take R> 1 in the proof of 
Theorem [1] without loss of the generality. 

Remark 1.2 The counter case, 1 < q < p, can be obtained by symmetricity of In fact, if 

one substitutes p with q and u with v, the upper bounds in U.5\) immediately follow from TheoremJi 
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The proof is based on the argument in [19]. A blow-up property of a nonlinear system of the 
ordinary differential inequalities will be employed to show a blow-up of a solution to (jl.ip . The 
growing up of LP norm of v is crucial to get the sharp estimate of the lifespan. In order to obtain 
the growth of the norm by iteration argument, we will employ the integral inequalities of LP norm 
of v and L q norm of u as a frame of the iteration, which are based on the method of Yordanov and 
Zhang [20] . Such an argument was introduced by Takamura and Wakasa |19j . 

This paper is organized as follows. In the next section, we shall show a blow-up property for 
nonlinear systems of ordinary differential inequalities. By making use of this, we prove Theorem [1] 
in Section El In Section [4[ we complete the iteration argument. 

2 Blow-up for systems of ODIs with a critical balance 

As stated in Introduction, we shall show a blow-up theorem for ordinary differential inequalities 
with a critical balance in exponents. 

Lemma 2.1 Let p,q > 1, a > 0, a, (3 > and a + p/3 = a{pq — 1) + 2{p + 1). Suppose that 
U,V € C 2 ([0,T]) satisfy 

U{t) > Kt a for t > T , (2.1) 

U"(t) > A(t + R)- a \V(t)\ p for t>0, (2.2) 

V"(t) > B(t + R)~P\U{t)\ q for t > 0, (2.3) 

U(0) > 0, U'(0) > 0, V(0) > 0, V'(0) > 0, (2.4) 

where all A,B,K,R,Tq are positive constants with Tq > R. Then, T must satisfy that T < 2T\ 
provided K > Kq, where 



K 

and 



a 2p+2 2 a+p/3+2p+l( q + 2 )2p+2( g + ( 1 ^ -2p-2 



ABP V 2 aS 



pq—l 



(2.5) 



f (2q + 3)U{0) \ 
r 1 =max|r , UI(Q) ) (2.6) 

with a positive constant 5 G (0, (pq — l)/(2p + 2)). 

Proof. We shall prove this lemma by contradiction. Assume that T > 2T\. We note that 

U(t) > 0, U'{t) > 0, V(t) > and V'{t) > for t > (2.7) 
by ([22]), ([23!) and (IZ3D- Multiplying ([23]) by {/'(£) and integrating it over [0,t], we have 

U'{t)V'{t) - U'{0)V'{0) - [ U"(s)V'(s)ds 

t 

> B t \s + RY l3 U{s) q U'{s)ds 

Jo t 

> B(t + R)-P [ U(s) q U'(s)ds 

Jo 



{t + R)-P{U{t) q+l - U(0) q+1 }. 



q + l 



Then, ([27?]) gives us 



U'(t)V'(t) > -^-j(t + R)-P{U{ty +1 - U(0) q+1 }. 
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Multiplying this inequality by U'(t) again and integrating it over [0,t], we have 

U'(t) 2 V(t) - U'(0) 2 V{0) - 2 C U'{s)U"{s)V{s)ds 

t 
/ {s + Ry l3 {U(s) q+1 - U(0) q+1 }U'(s)ds 
q + 1 Jo 

-(t + R)-P /V(s) 9+1 - U(0) q+1 }U'{s)ds 
1 Jo 



q 

B 



q + 



-(t + R)- p Ht), 



where we set 



4>(t) = t^tl ^ U(0) q+1 {U(t) - U(0)} > for t > 0. (2.f 



Thus, by (j2T2j) and (j2T7j) . we have 

Substituting this expression into (|2.2|) , we obtain that 

B V 



U"{t)U'{t) 2p > A (^lj (t + R)- a ~ pl3 cP(t) p fort>0. 



Multiplying this inequality by U'(t) and integrating it over [0, t], we have 

{U'(t) 2p+2 - U'(0) 2p+2 } 



> A (-^—Y f\s + R)- a - p ^{ S yU'(s)ds (2.9) 

\q + lj Jo 

> A (-^—Y (t + R)- a ~PP [ ^{s) p 4>'{s){(l)'(s)}- 1 U'(s)ds. 

\q + lj Jo 

By (|2.8p . one can easily see that 

{^ / (s)}- 1 C/ / (s) = {*7(s) 9+1 - [/(O)^ 1 }- 1 > U{t)~ q ~ l for < s < t. 
Then, s-integral in (|2.9|) is estimated from below as follows. 

s-integral > U(t)' q ~ 1 f <j>{sf 'ft \s)ds = — *— U(t)~ q - 1 Mt) p+1 . (2.10) 
Jo P + l 

Moreover, by the monotonicity of U(t), we have 

q + 2 

= {u(t)-u(o)}l^^--u(oy+^ 

> {U(t) -C/(0)}C/(^|^-C/(0)}. 
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It also follows from the monotonicity of U'(t) that U(t) — U(0) > U'(0)t. Thus we have 

u(t) - u(a) > m - mo} > J% + mi + m . um > p « 



q + 2 w - 2(q + 2) 2(g + 2) w ~ 2(g + 2) 

provided t > (2q + 3)f7(0)/C/'(0). Hence we get 

1 f (2g + 3M0) 

Therefore, it follows from (^M), (EHUD and (|2"TT1) that 
2A / B \ p 



U'(t) > 



{4( g + 2) 2 }p+! Vg + i 



2p+2 a+p/3 p£+2£+l ("2(7 + 3)U(0) 



By the definition of ifo i n (|2.5j) . this inequality can be rewritten as 

— PI- 1 / 1 \ — 1 a+p0 pq + 2p+l 

U'(t) > aK 2 "+ 2 (l - r*»*U(t)-Tp*s- 

if t > i?. Now, we assume that t >T\, where T\ is the one in ()2.6f) . Multiplying the last inequality 
by ^(t)" 1 " 5 > with a constant 5 £ (0, (pq — l)/(2p + 2)) and replacing £/(t) in the right hand 
side by (12. we have 



because of the critical balance, a + = a(p<7 — 1) + 2(p + 1). Integrating the above inequality over 
[Ti , t] , we have 

i - ■/(«)-<} > i (£) W A- (l - (7T- - «-) • 

By the assumption of T > 27\, one can set t = 2T\. Then, neglecting the second term in the left 
hand side, we get 



T r v PI- 1 , 1 \ -1 



1 > [k J \ KTf 

By making use of (|2.1|) again for the right hand side, we find that this inequality implies 

pq— 1 
/ K \ 2p+2 

^u) ■ 

This contradicts to K > -Ko- Therefore we have T < 2Ti. Lemma 12. H is now established. □ 

3 Proof of Theorem [I] 

In this section we shall prove Theorem [1] by using Lemma l2.1i Let us define 

U(t)= I u(x,t)dx and V(t) = [ v(x,t)dx, (3.1) 

JR.™ JR" 

where (u,v) is a solution to (II. ip with (II. 2j) satisfying (jl.8p . 
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First, we shall show (j2.2f )- ()2.4[) in Lemma 12. II for U and V in (|3.ip . Integrating two equations 
of (jl.ip in x G R n , we have 

U"(t)= [ \v(x,t)\ p dx and V"(t)=f \u(x,t)\ q dx 



by the support property (|1.8j) . By making use of Holder's inequality together with the support 
property fjl.8|) again, we have 



U"(t) > Bl~P(t + i^)— "-(^— 1 )|V^(t)| 
V"\t) > Bi~i(t + R)- n ^\U(t)\ 



where B n stands for the volume of the unit ball in PJ\ This implies that (|2.2I) and (12.30 are valid 
with 

a = n(p - 1), (3 = n(q- 1), A = B x ~\ B = B^. (3.2) 
The assumption on the positiveness of data (|1.7|) gives us (|2.4p with 

[/(0) = e [ fi(x)dx > 0, U'(0) = e I gi(x)dx > 0, 



V(0) = e / f 2 (x)dx > 0, V'(0) = e / ga(x)tic > 0. 

Next, we shall show the inequality (|2. If) in this situation employing the following estimates of 
U"(t) up to the case of p ^ q, or p = q. 

Proposition 3.1 Suppose that the assumptions in Theorem^ are fulfilled and p < q. Then, U(t) 
satisfies the following inequality. 

(pg)j-i 

1 < two ( t + (a2 - 2)R \ p"- 1 
U"(t) >C j{ t- aj R T -^-W ^„g (aj ^ {aj ! l)R ) (3.3) 

/or t > Oji? and j = 1, 2, 3 • • • . i?ere we sei aj = 6 • 4 J_1 — 2 and 

d = Cj = expUpqy- 1 (log d + 5,)} /or j > 2, (3.4) 

where C = C(p,q,n) is a positive constant and Sj is a convergent sequence independent of e and t. 

Proposition 3.2 Suppose that the assumptions in TheoremU\ are fulfilled and p = q. Then, U{t) 
satisfies the following inequality. 

V® >D, it - WM-*/. ( log { ^% s % R ) W (3.5) 

for t > bjR and j = 1, 2, 3 • • • . Here we set bj = 10 • 4 J ~ 1 — 2 and 

Di = Ce p \ Dj = exp^^-^Clog D 1 + £/)} for j > 2, (3.6) 
where C = C(p, q, n) is a positive constant and Sj is a convergent sequence independent of e and t. 
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These propositions are proved in the next section. From now on, we shall apply (13. 3|) and (13.50 
to the proof of (|2.ip . We are concentrated on the case p < q only since the proof for the case of 
p = q is analogue. 

First, let t > ajR. Integrating (|3.3p over [a,jR, t], we have 

(pq) J -l 

ft I S 4. f fl 2 _ 2) R \ p9-i 
tf'(t) - tl'(a^) > Cj / (a - a^r-Mn-DP/s log ^ ' ds . ( 3. 7) 



We can neglect the second term in the left hand side by (|2.7p . Restricting the time interval to 
t > (cij + 1)12, we can replace the lower limit by ajt/(aj + 1) because of 



ajR < \ J <t for t > (aj + 1)R. 

Then it follows that 



a 3 + 1 



„ 0"i „ a>i r , s „^ t — (a,- + 1)12 



* 3 -r -l u,j 

and 



S + (a 2 -2)12 > HJ+T^ + (j ~ 2)fl _ Qj t + (aj + l)(a| - 2)12 > f + ( 0j - + 1) 2 12 



(aj + 2)(oj - 1)R ~ (aj + 2)(aj - 1)12 (aj + l)( aj + 2)(oj - 1)12 ~ (a,- + l)(aj + 2)12 
for ajt/{a,j + 1) < s < t. Thus, we get by (|3.7|) that 



(oj + l)(oj + 2)12 J J aj t/( aj +i) 

(pg) J '-i 

> 9l U (n 1 ^ PI n-(n-l)p/2 f w * + ( Q J + 1 ) 2 - R ) P * _1 

" 2 -(n-lW^ {t " (aj + 1)i?} y bg (a i + l)(o i + 2)ijJ 

for t > (a,- + 1)12 because of a,- = 6 • 4 J_1 — 2 > 4. Integrating the last inequality over [(aj + 1)12, t] 
and treating it in the similar way as above, we have 



(pq) J -i 
pi— i 



U( t ) > ^ - A t - + 2 )iJ}»+M«-i)p/a ( log t + (°j + l)(flj +2)fl \ 

V > - 2 2n+l-(n-l)p a 2 y ( j + 2) 2 12 j 

for i > ( aj + 2)12. 

Let us again restrict the time interval to t > (a^ + 2) 4 12 2 . Then it holds that 

t + +2)12 > 

(aj + 2) 2 12 " (aj + 2) 2 12 ~ 

and 

v J ; 2 2 ~ 2 

It follows from these inequalities and aj = 6 • 4 J_1 — 2 < 2 • 4 J that 

> l^(t)t n+1 - (n - 1)p/2 for t > + 2) 4 12 2 , (3.8) 
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where we set 

K j (t) = ^£(logy/i) P9 - 1 , A = 2" 3n ~ 4+3 ( n_1 )p/ 2 . (3.9) 

Now, we consider (JHU) for t G [(ty + 2) 4 ,R 2 , (a j+ i + 2) 4 i? 2 ]. Then, by the definition of Cj 
Kj in (|3.9p can be rewritten as 

Kj (t) = exp ( (pqy- 1 log Lj (t) + log ,4 - j log 16 l — log(log Vt) } , 

I pq-1 ) 

where 

Lj(t) = Cie^(log\/t)^T. 

Since Sj converges to a certain number, there exists a constant S = S(p, q, n) such that Sj > S for 
any j = 1,2,3,---. It follows from the definition of C\, (I3.4p . that Lj > e holds provided 



e p(pi-^l og t>E, (3.10) 

where £ = 2(C^ 1 e 1 - s )^- 1 ^P q . 

We assume (|3~TUjh Then it follows from t < (a j+1 + 2) 4 i? 2 that 

Kj{t) > exp {(pqy- 1 + logA- j log 16 - log(log((a i+1 + 2) 2 i?))| . 

Hence we can see that Kj (t) goes to infinity if j tends to infinity. Therefore, for Kq defined in (12.5|) 
with (|3.2p . a = n+ l — (n— l)p/2 and a constant 5 6 (0, (pq — l)/(2p + 2)), there exists an integer 
J = J(fi, f2, 91,92, n,p,q,R) such that 

Kj(t) > K for t E [(aj + 2) 4 i? 2 , (a i+ i + 2) 4 i? 2 ], 

as far as j > J. This implies that 

U(t) > Ko t n+1 - (n - 1)p/2 for t > (aj + 2) 4 i? 2 , 

provided (|3,10p is valid. 

Now, we are in a position to prove TheorercQ] by making use of Lemm a"2TTl Set 

T (e)=exp(^-^- 1 )), (3.11) 

where E is the one in (|3.10p . Then there exists a positive constant e$ = £o(/i, H, 9i, 92, P, q, n, R) 
such that 

T (e) > (aj + 2) 4 ^ 2 and 2max |r (e), (2g + ^ (Q) | < exp(2Se"^ 1 )) (3.12) 

holds for < e < eo- As we see, (|2.ip is now established for t > Tq(e) with this s. We also obtain 
other inequalities in Lemm a"2~7l1 with (|3.2p and a = n + 1 — (n — l)p/2. Note that the condition in 
Lemmg [2"TTl a + pf3 = a(pq — 1) + 2(p + 1) is equivalent to the critical relation F(p,q,n) = 0. In this 
way, when T(e) > T (e), fl2j]) holds for t £ [T (e), T(e)). Hence LemmeETJand (I3T21) show that 



lj£ -P{PQ~ 1 )' 



t<2^{T (e). S^±3m]< eM 2Ee 

Taking a supremum over t £ [Tq(e), T(e)), we get 

T{e) < exp(2 J Be^( p ^ 1 )) for < e < e . 
When T(e) < Tq(e), (11. 9h is trivial. Therefore the proof of Theorem Q] is ended. 
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4 Iteration argument 

In this section, we will prove Proposition 13.11 and Propositior i3.2l by iteration argument. The 
following integral expressions of U" and V" are the frame in our iteration. 

Proposition 4.1 Suppose that the assumptions in Theorem^ are fulfilled. Then, U(t) and V{t) 
satisfy 

ft-R n-l-(n-l)p/2 d ( r (t-p-R)/2 \P 

C rt-R n n - x r]n ( r(t-p-R)/2 \ q 

for t > R, where C is a positive constant independent of e and t. 

Proof. Recall that p < 2. Then, these inequalities can be immediately obtained by (2.14) and 
(2.21) in Yordanov and Zhang [20]. Therefore we shall omit the proof. 
The first step of the iteration is the following estimate. 

Proposition 4.2 Suppose that the assumptions in Theorem^ are fulfilled. Then, there exists a 
positive constant C = C(/2, g2, n,p, R) such that 

U"{t) > C£ p (t + R)n-l-(n-l) P /2 f Qr f > Q (4 3) 

Proof. This inequality can be proved by the same way as (2.5') in Yordanov and Zhang [20]. The 
key estimates, (2.4) and Lemma 2.2 in [20], are obatined by the first and second equations in (jl.ip . 

Let us continue to prove Propositior i3.ll by making use of the two propositions above. Substi- 
tuting (14. 3D into U"(s) in the s-integral in (14. 2ft . we have 

v»( t ) > cq+l£Pq r R ^ ( r^is+m-^^dsY 

[ ) - (t + R)(n-lW2 J {t _ p + R) (n-l )q /2 \J Q ^ S + K > ) ' 

for t > R. Putting the upper limit of the s-integral into a part of the negative power of s + R, we 
have 

.-integral > (!z£±*) s^ds 
> {t-p-R) n 



2 n n(t- p + R)(n-l)p/2- 

Hence we get 

v»(* cq+l£Pq r R p n -\t-p-R) nq , 



2 n ini(t + R)<y n - 1 )i/ 2 Jo (t- p + J?)^- 1 )?^ 1 )/ 2 
> ; ^ n r ^/o / (* - P ~ R) nq dp. 

- 2 n 1nl(t + R){n-l)q{ P +2)/2 J Q H \ H J H 



Cutting the domain of the /^-integral, we have 



Thus we get 

(t + R)(n-l)q(p+2)/2 



C'(f - R) n 1+ n 
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where C = C q+1 e pq 2- 2nq - n n - q - 1 . Next we shall set t > 322 and substitute (jE} into V"(s) in 
KTh . Then, it follows that 

f t-3R n-l-(n-l)p/2j /r(t-p-R)/2 ( s _ R)nq+n \ p 

U"(t) > CC'p / -. , a ? / , { ±- r ^ TT —- ds 

r t-3R n-l-(n-l)p/2 j / r (t-p~R)/2 \ p 

> CC ' P / 7 " w n ? To XTvTo / " RT q+n ds 

JO (t - p + R)(n-l)p( P q+2 q +l)/2 \J ' R V > J 

CC' P rt-3R pn-l-(n-l)p/2 fa _ _ ^pAnpq+(n+l)p 

-dp 



(nq + n+ l)P2 n P1+(n+l)p J Q (t~ P + R)(n-l)p(pq+2q+l)/2 

for t > 322. Here we again restrict the time interval to t > a\R = 422. Then, it follows from 

5(t - p - 322) > t - p + 22 for p<t-AR 

and 

(n — l)p(pq + 2g + l)/2 — npg — (n + l)p = 1 for q, n) = 

that 

X rf-4fl n-l-(n-l)p/2 

^ 5 (n-l) P ( Pg+ 2 9+ l)/2 7 (t _ 4il)/2 f _ p - 3 22 ^ 

> I » _ m -in-l)p/2 (t^Ry^ f-** dp 

~ 5 (n-l) P ( Pg +2g+l)/2 V ) \ 2 ) J{t-AR)/2 t - p - 3R 

(t - 4R)^-l-(n-l)p/2 £-222 
~ 5(n-l)p(pg+2g+l)/2 2 n-l ° g 222 ' 

Since 

t - 222 t + 8t - 18R t + 32R - 18R t + 1422 
= — > — = — 

222 1822 ~ 1822 1822 

holds for t > 422, we get 

t + 1422 
1822 ' 

where 



U"{t) >d(t- 4R)"-i-("-i)p/2 fog ■ 
CC" P 



( n g + n + l)P2 n P9+(«+l)P+™-l5(«-l)p(P9+2q+l)/2 



( n q + 71 + l)P n P(<l+i)2 3n P1+(^+l)p+n-l^(n-l) P ( P q+2q+l)/2 

Therefore (|3 .3 j) is true for j = 1. 

Next we shall show (|3.3p by induction. Assume that ()3.3[) for i > a_,-22 holds and Cj is unknown 
here except for j = 1 but will be determined later on. When t > {2a j + 1)22, substituting (|3.3() into 
P~2|) . we have 

y* (t) > CC 1 f t-(2a 3+m p n-l df) 



(t + 22)(™~ 1 )9/2 J a - p + R)(n-l)q/2 

( Pq) i-i ^ « 

(t- P -R)/2 8 + (at -2)22 \ ^-i 

(s - aj R) n ~ l ~^ p l 2 log K S J —— ds > 

V 3 ' \ (a, -l)(a J + 2)Rj 

t-{2a j+ l)R p n ~ 1 I j {p,t) q 

(t + 22)(™- 1 )o/2 7 (t-p + 22)("" 1 )'?(P+ 1 )/ 2 P ' 
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where 

(pq)i-l 

f (t-p-R)/2 s + ( a 2 _ 2 )R \ M-i 

JajR \ [CLj - l)(Oj + 2)i? y 

Here we restricted the time interval to t > (2a,- + 2)i? and cut the domain of p-integral to be 
[0, t - {2a j + 2)R}. Then, it follows from (2a,- + 1)R < t - p - R and 

^ a i , ^ t — O — R 

ajR < 1 — (t - p-R) < 

3 ~ 2a j + 1 v H ' 2 

that one can cut the domain of s-integral as [a,j {t — p — R)/ {2a j + 1) , (t — p — R)/2] ■ In this interval, 
we have 

s + {a]-2)R ^ Tl {t-p-R) + {a]-2)R 



(aj - l)(aj + 2)R ~ { aj - l)(aj + 2)R 



aj{t - p-R) + {2a j + l)(aj - 2)R 

~ (2a j + \){a.j-\)(aj + 2)R 

(aj - \){t- p-R) + {2a j + l)R + {2a j + l){aj - 2)R 

~ {2a j + l){aj - \){a j + 2)R 

_ t - p + aj{2aj +3)R 

~ (2a~ + l){aj + 2)R 



and 



Hence we have 



2aj + 1 



s - ajR > J - — (t -p-R)- ajR > 



pq-l 



1 



(t-p-R) 



k 2 2aj + 1 

2 • 3 n Oj v " ~ H ' (2oj + l)(aj +2)i? 



(pq) j -i 

1 , ,^J, i-p + a,-(2a,- + 3)i?\ 

>^rr( t -^-( 2 «i + 2 )^) log 
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because of a,- > 1 for any j G N. Therefore we obtain 

> cc* r t -(^+v R P n - i {t-p-(^j+m} nq 



2i • 3"«a?(< + J R)(«- 1 )9/ 2 7 (t - p + J R)(«-i) 9 (P+i)/2 

g((pq)j-l) 

/ t-p + a,-(2a,- + 3)fl\ pq - L . 

x log -; -r> — r— dp 

I & {2a j + l)(a j + 2)R I H 



> 



CC] 



2'?-3"'?aj(t + J R)( n - 1 )9(p+2)/2 

(t-(2a j+ 2)R)/2 t-p + a,(2a,+3)i?\ ^ , 

^ (2a, + 2)*r hog (2 ; + 4; +2) ; J ^ 



> CCj {t - (2aj + 2)^}"g / t + (4a 2 + 8a J +2).R ' 

- 2(«+ 1 )« • 3 n «a? ' (t + R)(n-i)q( P +2)/2 y °§ 2 (2aj + l)( aj + 2)R 

f {t~(2a ]+ 2)R)/2 

x / p n ~ l dp 

J 

Cj{* - (2 aj + 2)R} n i +n I t + (4a] + 8aj + 2)i?\ p«-i 

= (t + R )(n-l)q(p+2)/2 I l0 § 2(2^ + 1) ( j + 2)i2 J 



q((p 9 ) J -l) 
P8— 1 



where 



CC? 

C = . ^ J ff . (4.5) 

J n2( n+1 )9+ n • 3 n <ia q j 

When t > (4aj + 5)R, replacing the V"(s) in the right hand side in (14. ip by the last inequality 
above, we have 

U"(t) > CC? / — " u „ ,A p 

/ , g((pg) J -i) 

-(t-p-fl)/2 { s _ ( 2a , + 2)i?}"«+« / s + (4a 2 + 80^ + 2)i2\ ^ 

log — — — -r-, — — as 



(2 



a J+ 2)R ( a + i?)(n-l)9(P+2)/2 I & 2(2<lj + l)(aj + 2)i? 



- * Jo {t~p + R)(n-l) P (pq+2 q +l)/2 «P' 



where 



Let us again restrict the time interval to t > (4aj + 6)i? and cut the domain of p-integral to be 
[0, t - (4oj + 6)i2]. Then, it follows from (4oj + 5)i? < t - p - R and 

2a,- + 2 , . t- p - R 

i2 a j + 2)R<-^(t-p-R)<—^— 
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that one can cut the domain of the s-integral of J,(p, i) to be [(2a j + 2)(t — p — 12) /(4a,- + 5), (t 
p — R)/2\. Then, the inequality 

s + (4a 2 + 8a, + 2)R ggft - p - R) + (4a 2 + 8a,- + 2)R 

2(2a,- + l)(aj + 2)R ~ 2(2 aj + l)(a i + 2)12 

(2a, + 2)(t - p - U) + (4a, + 5) (4a 2 + 8a,- + 2)12 

~ 2(4a,- + 5)(2a,- + l)(a,- + 2)12 

(2a j + l)(t - p - R) + (4a,- + 5)12 + (4a,- + 5) (4a? + 8a,- + 2)12 

~ 2(4a,- + 5) (2a,- + l)(a,- + 2)12 

t- p+ (8a 2 + 22a,- + 14)12 

2 (4a,- + 5) (a,- + 2)12 
holds for (2a,- + 2)(t - p - 12)/(4a, + 5) < s < (t - p - R)/2. Thus we have 

g((pg) J -i) 

, . / t- p + (8a 2 j +22a j + U)R\ ^ 
J ^ t] -V° g 2(4a,-+5)(a,-+2)12 ) 



L ^ Is J - (t-p-R)} ds 

J 2 &- P -R)\ 4a,+5 l >[ 



nq+n 



because of 



> (t - p - R) n i +n+l f t- p+(8a 2 j +22a j + U)R\ w-i 
~ (nq + n + l)(12a,-) n "+™+i I og 2(4a,- + 5)(a,- + 2)12 J 



t-p-R 2a,- + 2 1 t-p-R 

2 4^~+5 ' ~ 2(4a~+5) ^ ~ 12aJ 



Hence we obtain 



U"(t) > 



J 



> 



(nq + n+ l)P(12a,-) n w+(«+i)p 

•t-(4a,+6)fl pn-l-(n-l)p/2^ _ p _ ^)npg+(n+l)p 

(t - p + j R)(n-l)p(pg+2q+l)/2 ^ 

pq((pq)3 — 1) 

/ t - p + (8a| + 22a,- + 14)12 \ w-* 

X y° S 2(4a,+5)(a, + 2)12 J 

CCf {t - (4a,- + G)^}-^- 1 ^ 2 

(nq + n + g)P(12a,) n ?*7+(n+i)p 

t-(4a J+ 6)R p n-l{ t _ p _ ( 4flj + 5) R jnpq+(n+l)p 

(t - p + j R)(n-l)p(P9+2g+l)/2 ^ 

( P9((P9) J -1) 
* - p + (8a| + 22a,- + 14)12 \ ^-i 
l0g 2(4a,+5)(a, + 2)12 J 



Since 



t- p + R< (4a,- + 7){i - p - (4a,- + 5)12} < 6a,-{i - p - (4a,- + 5)12} 
is valid for t — p > (4a, + 6)12 and 

ix — 1 

— r — p(pq + 2q + 1) - npg - (n + l)p = 1 



13 



holds for F(j>, q, n) = 0, the /5-integral is dominated from below by 
{t - (4gj + 6)R} n - 1 

2 n - 1 (Ga j ) {n-l)p(pq+2q+l)/2 



pq((pq)3 -1) 



> 



t-(4a j+ 6)R dp / t- p+ (8aj + 22dj + 14)12^ 

(t-(4a,-+6)fl)/2 t - p - (4aj + 5)12 ^ ° g 2(4aj +5)(oj +2)i2 
- (4aj + e)^}™- 1 



2 rl " 1 (60j- ) (n-l)p(pq+2q+l)/2 

pq{{pq) J -1) 



t-(4 fli +6)fl dp / t - p+ (8a 2 + 22 Gj + 14) 12 s 

(t-(4a,+6)R)/2 t - p + (8a 2 + 22 flj + 14)12 \ ° g 2(A aj + 5){ aj +2)R 



pg-l 



> 



[pq - l){t - (4aj + e)^}"" 1 / t + (16a 2 + 48a; + 34)12 



P8-1 



2"- 1 (6ai) (n - 1)p(p9+2g+1)/2 (pg) J+1 V° S 4 ( 4a i + 5 )(«i + 2 ) R I 
Setting a J+ i = 4aj + 6, we get the desired inequality for j + 1; 

[/"(o > ^(t-a^^r- 1 -^-^/ 2 fiog . t+( °y~ 2 f B 

V W+i - l)(ai+i + 2)12 / 

where we set 

(P5 - l)CCf 



(pq)j + l-l 

pg-l 



J'+l 



( no _|_ n _|_ i)P2 n w + ( n+1 )P +n_1 (6aj)( n_1 )P 2 9/ 2 +( 2n - 1 )p , J+( 3n + 1 )p/ 2 (pg)J +1 



To end the proof, we shall fix all the coefficients, C,-. It follows from aj = 6 • 4 J 1 — 2 < 2 • 4 J 
and the definition of Cj, (|4.5p . that 

MCf 
Cj+1 = ~^V^' 

where 



M _ (p? - i)^ 1 



pqnP(nq + n+ l)P2( n ~ 1 )p 2 ^+ 6n P9+^ n + 2 )p+ n - 1 3( n ~ l )p 2 '}/ 2 +(3n-i) P q+{3n+i)p/2 ' 

AT = 4( n " 1 )P 2 'i , / 2 + 2n P9+( 3n + 1 )P/ 2 pg. 

This equality is rewritten as 

log Cj+i = pg log Cj + log M — j log AT. 

Then, one can easily get 

j j 

log c j+1 = (p q y log d + J2 (p<i) j ~ k ^g m - £ k( Pg y- k log iv 

= (pq)j(logC 1 + k S- + i), 

where we set 

glogM-HogiV 

Note that 5j converges as j — ?• oo. Therefore this completes the proof of Proposition 13,11 
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We omit to show the proof of Proposition 13.21 because it is almost the same as the single case in 
Takamura and Wakasa [19]. The difference from the proof Proposition 13.11 appears in handling of 
logarithmic terms. In order to prove Proposition 13.21 we should integrate the logarithmic term at 
every steps in the iteration while such an integration is required only to get the estimate for U"(t) 
in the proof of Proposition 13.11 
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